Abstract. For every finite rank k, k ≥ 2, we explicitly construct (2k)! left orders on the free group F k of rank k. Each order is induced by a word of length 2k in which each generator of F k and its inverse appear exactly once. For each of these (2k)! words we define a real valued function on F k , which is shown to be a quasi-character with small relative defect and which is used as a weight function to define the corresponding order (the elements of F k which evaluate to positive real numbers are declared positive in the group). Some of the orders we define on F k are extensions of the usual lexicographic order on the positive monoid and some have word reversible positive cones. We characterize the defining words leading to orders of either of these two types.
Introduction
For each finite rank k, k ≥ 2, one particularly easy to describe left order on the free group F k was introduced in [Šun13a] . When k = 2 and F 2 = F (a, b), the order is defined as follows. The element represented by a reduced group word g over {a, b} is positive if the number of occurrences of ba −1 in g is strictly greater than the number of occurrences of b −1 a in g, and it is negative if the number of occurrences if ba −1 in g is strictly smaller than the number of occurrences of b −1 a in g. In case these two numbers are equal, the last letter of g is the tie-breaker, namely, g is positive if the last letter in g is a or b and negative if the last letter is a −1 or b −1 . It was announced in [Šun13a] that variations of the order described above can easily be introduced and one of the purposes of this work is to explicitly present those variations. Namely, we describe, for every k ≥ 2, (2k)! different left orders on F k , induced by the (2k)! oriented words of rank k (these are the words of length 2k in which each generator of F k and its inverse appear exactly once; Section 2, Definition 1).
A way of constructing actions of the free group, free on at least one orbit, was provided in [Šun13b] and, as an application, examples of actions of F k , k ≥ 2, on the circle, free on the orbit of 0, were also given there [Šun13b, Subsection 2.1], along with a passing remark that these actions could be used to define orders on F k (by lifting them to actions on the line). The orders introduced here are precisely the orders that correspond to those actions. However, the approach we take here avoids the discussion of the actions altogether and defines, for each oriented word u, the associated order ≤ u directly in terms of a certain weight function τ u : F k → R (Section 3, Definition 2), which is, in turn, described solely in terms of the structure of the defining oriented word u. Positive elements under the order ≤ u are precisely those whose weight under τ u is positive (Section 3, Definition 3). One of the reasons we decided to suppress any direct reference to the corresponding actions on the line is to provide a different perspective and concentrate on the weight functions, which are not only sufficient to define the orders in simple terms, but provide an excellent tool to study them. The point of view that emphasizes the actions rather than the weights is taken in a different work [Šun13c] , where Cantor sets of orders on free groups are constructed, each induced by a bi-infinite word (in a sense, the orders defined here are "strung together" in various ways to build uncountably many orders).
A non-obvious but useful feature of the weight functions is that they are quasicharacters of the free group (Section 4, Theorem 1). Moreover, the defect of the weight functions is relatively small (when compared to the values of the weight functions), and this property is used to show that they indeed define orders on free groups (Section 5, Theorem 2). The proof is based on a simple general condition under which a function may be used as a weight function defining an order on a group (Proposition 15).
We characterize the oriented words for which the induced order on F k is the extension of the lexicographic order on the free monoid or rank k (Section 6, Proposition 17), and we also characterize the oriented words that induce reversible orders on F k (Section 7, Proposition 19). Moreover, we establish an interesting relation between the orders ≤ u and ≤ u −1 , namely, the positive elements under ≤ u −1 are precisely the word reversals of the positive elements under ≤ u (Section 7, Theorem 3).
At the end, we show that, for k ≥ 2, none of the (2k)! orders defined on F k by the (2k)! oriented words is a bi-order (Section 8, Proposition 21), and that they are all distinct (Section 9, Theorem 4).
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2. Background, general setting, and notation 2.1. Ordered groups. A left order on a group G is a linear order on G that is compatible with multiplication on the left in G, i.e., for all f, g, h ∈ G,
A right order is a linear order that is compatible with multiplication on the right, and a bi-order is a linear order that is simultaneously left and right compatible. We are interested in left orders in this work and whenever we use the word order we mean a left order. A group is orderable if it admits an order.
It is common to study and discuss, and often even define, orders through their corresponding positive cones. Given an order ≤ on G, the positive cone of the order is the set P = { g | e < g } of elements that are strictly greater than the identity. The positive cone satisfies the following two properties:
(closure) if g, h ∈ P then gh ∈ P , (trichotomy) G decomposes into the disjoint union G = P −1 ⊔ {e} ⊔ P .
Conversely, any subset P ⊆ G that satisfies the closure and trichotomy properties uniquely determines an order on G for which P is the positive cone, namely,
It is well known that the free group of rank k, k ≥ 2, is bi-orderable [Shi47, Iwa48, Neu49, Vin49]. The bi-orders introduced in [Shi47, Iwa48, Neu49] are based on the lower central series of F k (each quotient in the series is torsion-free abelian, hence bi-orderable) and the ones in [Vin49] on embeddings of F 2 into a certain ring of infinite matrices with coefficients in the group ring of Z 2 . It was realized later that the Magnus embedding [Mag35] of F k in the (bi-ordered) ring Z ≪ x 1 , x 2 , . . . , x k ≫ of power series with integer coefficients over k non-commuting variables induces an order on F k , and this is probably the most widely known order on F k .
The orders induced by oriented words that we define here are considerably easier to describe in concrete terms than any of the bi-orders mentioned in the last paragraph. Indeed, as we will see, deciding if an element is positive amounts to a simple signed count of subwords of length 2. On the other hand, none of the orders induced by oriented words is a bi-order. It should be noted, however, that some of the interesting properties enjoyed by some of the orders induced by oriented words cannot be shared by bi-orders. For instance, no bi-order on F k , k ≥ 2, can be an extension of the lexicographic order on the free monoid, nor can a bi-order on F k , k ≥ 2, be reversible.
2.2.
General setting/notation. The free group of rank k is denoted by F k . Its basis, unless specified otherwise, is A k = {a 1 , . . . , a k }. The letters from the beginning of alphabet, such as a, b, c, . . . , usually denote elements from the basis A k . To simplify notation, when a (b, c, . . . ) denotes an element in A, its inverse is denoted by the corresponding uppercase letter A (B, C, . . . ). For this reason, the letters in A k are sometimes called lowercase letters, and those in A −1 k uppercase letters. A group word over A k is a word over A ± k = {a 1 , . . . , a k , A 1 , . . . , A k }. Such words are called group words of rank k. We sometimes omit the index k in A k .
By choice, the letters in A k are positive elements with respect to all orders defined here. Accordingly, the letters in A −1 k are always negative. This is compatible with the common way of referring to the elements in the basis A k as positive generators (letters). Technically speaking these two notions of positivity are independent, but we find it convenient to keep them in sync in this work (renaming the symbols is always an option). While many of our claims and results make sense and are correct when k = 1, some are not, and we will avoid discussing this trivial case. Thus, k is considered to be greater than 1, even if we do not mention this explicitly. Definition 1. An oriented word over A k (an oriented word of rank k), k ≥, is a group word of length 2k that contains each of the letters in A ± k exactly once.
For any two distinct letters x and y in A ± k and any oriented word u of rank k, we write x..y in u, if x is to the left of y in u.
Weights and orders induced by oriented words
For every oriented word of rank k, k ≥ 2, we define an order ≤ u on F k . The order ≤ u is defined in terms of a weight function τ u : F k → R. The weight function is based on the structure of the defining word u and it has three components as defined below. Note that the third of these components, the last letter weight, does not depend on u.
Definition 2 (Weight induced by u). Let u be an oriented word of rank k, k ≥ 2.
Define the case transition weight α u : F k → R as follows. For a reduced group word g of rank k,
Define the letter transition weight β u : F k → R as follows. For a reduced group word g of rank k,
Define the last letter weight ω : F k → R as follows. For a reduced group word g of rank k,
if the last letter of g is positive (i.e., it is in A) −1, if the last letter of g is negative (i.e., it is in
Finally, define the weight function (induced by the oriented word u) τ u :
Remark. We emphasize that, as written, the formulae (1), (2) and (3) defining the case transition, the letter transition, and the last letter weights are not invariant under free reductions/insertions and they should only be applied to words in reduced form. For an arbitrary group word g of rank k, τ u (g) is equal to τ u (g ′ ) where g ′ is the reduced form of g and (1), (2) and (3) can and should be applied to g ′ .
Definition 3 (Positive cone and order induced by u). Given an oriented word u of rank k, k ≥ 2, let
A left order ≤ u on F k induced by the oriented word u is defined by declaring P u to be the positive cone of the order.
Remark. It is not immediately clear that ≤ u is actually an order on F k and this will be proved in Section 5, Theorem 2.
Example 4. We recast the example from the introduction in the setting we just introduced. Let F 2 = F (a, b) and u = abBA. The weight function on F 2 induced by u is given by
for g a reduced group word over {a, b}. For instance,
The positive cone induced by u is
The fact that τ u (BAbA) = 1/2 > 0 indicates that BAbA is a positive element and, in particular, ab < u bA. From smallest to largest, the elements of length at most 2 are aB, BB, BA, B, Ba, AB, AA, A, e, a, aa, ab, bA, b, ba, bb, Ab.
We consider another way to look at the weight function, through weight contributions.
Definition 5 (Weight contributions induced by u). Let u be an oriented word of rank k, k ≥ 2. For every reduced 2-letter word xy of rank k define the weight contribution wtc u (xy) of xy induced by u, as follows. If x = a is a positive letter, then, for every positive or negative letter y ∈ A ± k , y = A,
and, if x = A is a negative letter, then, for every positive or negative letter y ∈ A
Remark. It is important to observe that the weight contribution of a reduced 2-letter word that starts in a positive letter is always nonnegative, 0 or 1, and the weight contribution of a reduced 2-letter word that starts in a negative letter is always nonpositive, 0 or -1. We use Table 1 as a lookup whenever we need to make quick calculations or comparisons. The top row in Table 1 indicates that, for any Table 1 . Weight contributions associated to relative positions of letters two (necessarily distinct) positive letters a, b ∈ A the weight contribution wtc u (bA) is 0 if and only if A is to the left of B in u. Similarly, the third row indicates that, for any two (not necessarily distinct) positive letters a, b ∈ A, A is to the left of b in u if and only of the weight contribution of BA is -1.
Proposition 6. Let u be an oriented word of rank k, k ≥ 2. For a reduced group word g = x 1 x 2 . . . x n of rank k,
Proof. The top two rows in Table 1 correspond to the case transition part α u , and the bottom two to the letter transition part β u of the weight τ u induced by u.
The weight functions as quasi-characters
Recall that a (real) quasi-character (terminology from [Gri95] ) of a group G is a function ϕ : G → R such that there exists a constant D ∈ R such that, for all g, h ∈ G,
The value δ(ϕ) = sup g,h∈G |ϕ(g) + ϕ(h) − ϕ(gh)| is called the defect of ϕ. It seemingly measures how far from a (real) character ϕ is, but this is not correct, as there are groups that admit quasi-characters that do not differ by a bounded function from any character (Johnson [Joh72] observed this for the free group). In fact, from the bounded cohomology point of view, quasi-characters that differ from a character by a bounded function are considered trivial. The purpose of this section is to prove the following result.
Theorem 1. For every oriented word u of rank k, k ≥ 2, the weight τ u : F k → R is a quasi-character of defect 1/2. Moreover,
2 , if g = e, h = e and gh = e. Remark. Recall that, for every reduced group word w of rank k, Brooks [Bro81] defined a quasi-character φ w :
for g a reduced group word of rank k. The letter transition weight is a finite sum of Brooks quasi-characters
The letter transition weight β u vanishes precisely when all positive letters precede all negative letters in the oriented word u (as in Example 4). The number of Brooks quasi-characters comprising β u varies between 0 and k 2 , depending on the relative placement of the lowercase and the uppercase letters in u.
On the other hand, the case transition weight function α u does not vanish, regardless of u. The expression for the case transition function α u always has exactly k 2 plus terms, related to the relative placement of the uppercase letters, and k 2 minus terms, related to the relative placement of the lowercase letters in u. For instance, when k = 2, the case transition weight α u always has exactly one plus term, exactly one minus term, and the number of Brooks summands in the letter transition weight β u is anywhere between 0 and 4. There are exactly 4 oriented words for which the letter transition function vanishes and they are the word abBA from Example 4, the word abAB, for which the weight is given by
for g a reduced word of rank 2, and the two words baAB and baBA obtained from the previous two by reversing the roles of a and b.
The rest of the section is devoted to a proof of Theorem 1. A nontrivial reduced word of rank k is of the form m if it ends in a lowercase letter, it is of the form m M if it starts in a lowercase letter and ends in an uppercase letter, and so on.
Lemma 7. Let g be a nontrivial reduced group word of rank k, k ≥ 2. Then a,b∈A a =b
Proof. The quantity calculated by the expression on the left hand side is the number of case transitions from a lowercase letter to an uppercase letter minus the number of case transitions from an uppercase letter to a lowercase letter. Since such transitions must alternate, this difference can only be 0,1, or -1, as indicated.
Lemma 8. Let u be an oriented word of rank k, k ≥ 2. For every reduced word g of rank k, (a) .
Adding the expression we just obtained to α u (g) + ω(g) as given in Definition 2, and using Lemma 7, yields the result.
(b) Recall that β u is a sum of Brooks quasi-characters, and φ w (g)+φ w (g −1 ) = 0, for any Brooks quasi-character φ w .
(c) Follows directly from (a) and (b).
Remark. Note that Lemma 8(c) says that, for every oriented word u, the weight τ u is symmetric, i.e., weights assigned to g and g −1 are equal in absolute value and opposite in sign. We sometimes use this fact in the rest of the text without reference.
For a nontrivial reduced word f or rank k and a (positive or negative) letter x ∈ A ± , we write f = * x to indicate that x is the last letter of f .
Lemma 9. Let u be an oriented word of rank k, k ≥ 2.
(a) If x and y are two distinct letters in A ± , and f = * x and g = * y are two nontrivial reduced words of rank k, then
(b) If f g −1 , gh −1 , and hf −1 are three nontrivial reduced words of rank k, then
Proof. (a) Note that g −1 = y −1 * . Therefore,
in u and x is a lowercase letter, then wtc u (xy −1 ) = 1, and wtc u (xy −1 ) − ω(x) = 1/2, and if x is an uppercase letter, then wtc u (xy −1 ) = 0, and wtc u (xy −1 ) − ω(x) = 1/2. If y −1 ..x −1 in u and x is a lowercase letter, then wtc u (xy −1 ) = 0, and wtc u (xy −1 ) − ω(x) = −1/2, and if x is an uppercase letter, then wtc u (xy −1 ) = −1, and wtc u (xy
If any of the words f , g, or h is trivial, say h, then the other two must be nontrivial and
where the last equality follows from part (a). If none of the words f , g, and h is trivial, then there exist three distinct letters x, y, z ∈ A ± such that f = * x, g = * y, and h = * z. Since
and part (a) applies to each of the three summands (delimited by square brackets), it follows that |τ u (f g −1 ) + τ u (gh Proof of Theorem 1. If g = e or h = e, then |τ u (g) + τ u (h) − τ u (gh)| = τ u (e) = 0. If gh = e, then, by Lemma 8(c), |τ u (g) + τ u (h) − τ u (gh)| = 0. The claim that |τ u (g) + τ u (h) − τ u (gh)| is equal to 1/2, when g = e, h = e, and gh = e, is Lemma 9(b) in disguise. Indeed, for any two nontrivial reduced words g and h for which gh = e, there exists three reduced words f 1 , g 1 , and h 1 such that the reduced forms of g, h and gh are g = g 1 h 
Functions with small relative defect and weights that define orders
Since, for every positive constant c, a quasi-character τ : G → R of defect D can be rescaled ((cτ )(g) = cτ (g)) to a quasi-character of defect cD, it sometimes makes more sense to look at relative measures of "smallness" of quasi-characters. For our purposes the following notion (applicable to arbitrary real functions on groups, and not only to quasi-characters) sufficies.
Definition 10. Let G be a group. A function τ : G → R has small relative defect if (i) τ (e) = 0, and (ii) if g = e or h = e, then
Remark. We can think of the quantity δ(g, h) = |τ (g) + τ (h) − τ (gh)| as the defect of τ at the pair (g, h). Condition (ii) only considers the relative size of the defect of τ at (g, h) by comparing it to the size of the values of τ at g and h (hence the name small relative defect).
Example 11. If τ : G → R is a group homomorphism, then τ is a function of small relative defect if and only if it is an embedding. For instance, if u ∈ R n is a vector with coordinates that are linearly independent over Q, then τ u : Z n → R given by τ u (v) = u · v, where · is the usual dot product, is a function of small relative defect. Of course, every character of Z n that is a function of small relative defect arises in this way.
Call a function
if and only if g = e.
Note that every function of small relative defect is proper. Indeed, by setting h = e in condition (ii), we obtain, for every g ∈ G, with g = e, 0 < |τ (g)|.
Example 12. No Brooks quasi-character φ w of F k , k ≥ 2, is a function of small relative defect. In fact, no such quasi-character is proper, as there is always a letter x in A for which φ w (x) = 0.
Proposition 13. Let G be a group. If τ : G → R is a quasi-character which is a proper function and whose defect satisfies the inequality
then τ is a function of small relative defect.
Proof. Condition (i) and condition (ii), when g = e or h = e (but not both), are satisfied for every proper function, and condition (ii), when g = e and h = e, is satisfied since, in that case,
Corollary 14. For each oriented word u of rank k, k ≥ 2, the quasi-character τ u is a function of small relative defect.
Proof. By Theorem 1, δ(τ u ) = 1/2 < 1 = 2 inf g =e τ (g). Since τ u is also a proper function, it has small relative defect, by Proposition 13.
The reason we are interested in functions with small relative defect is that they can be used as weight functions that define orders on groups.
Proposition 15. Let G be a group and τ : G → R a function with small relative defect. Then G is orderable and an order on G may be defined by declaring
to be the positive cone of G.
Proof. Recall that functions with small relative defect are proper.
By setting h = g −1 in condition (ii), we obtain, for every g ∈ G, with g = e,
If τ (g) and τ (g −1 ) are both positive or both negative, then |τ (g) + τ (g −1 )| = |τ (g)| + |τ (g −1 )|, contradicting inequality (5). Therefore, τ (g) and τ (g −1 ) have opposite signs when g = e, P −1 = {g ∈ G | τ (g) < 0}, and G decomposes into a disjoint union
It remains to show that P is closed under multiplication. Let g, h ∈ P . Then τ (g) > 0, τ (h) > 0, g = e, h = e and, by condition (ii),
Remark. In a trivial way, every order ≤ on every orderable group G comes from a quasi-character of small relative defect. Namely, the function τ : G → R that evaluates to 1, 0 and -1 on the positive cone, identity, and the negative cone, respectively, is a quasi-character of small relative defect that defines ≤ when used as a weight function.
A direct corollary of Proposition 15 and Corolary 14 is the following result, already announced in Section 3.
Theorem 2. Let u be an oriented word of rank k, k ≥ 2. The relation ≤ u on F k defined by g ≤ u h if and only if
is a left order on F k with positive cone P u = {g ∈ G | τ (g) > 0}.
Lexicographically based orders
We characterize all oriented words of rank k that induce orders extending the lexicographic order on the monoid A * based on a 1 < a 2 < · · · < a k (Proposition 17). There are exactly k! such oriented words.
We start by observing that the order among the positive (negative) generators agrees with their relative position in the defining word.
Lemma 16. Let u be an oriented word of rank k, k ≥ 2. For 1 ≤ i, j ≤ k, i = j,
Proof. Indeed,
Proposition 17. The order induced by an oriented word u of rank k, k ≥ 2, is an extension of the lexicographic order on the monoid A * based on a 1 < a 2 < · · · < a k if and only if the word u has the form
where j 1 , j 2 , . . . , j k is some permutation of 1, 2, . . . , k.
Proof. (=⇒) Let the order ≤ u on F k induced by the oriented word u of rank k be an extension of the lexicographic order based on a 1 < a 2 < · · · < a k . The relative order of the positive letters in u must be exactly a 1 , a 2 , . . . , a k , by Lemma 16.
By way of contradiction, assume A i ..a k in u, for some i, 1 ≤ i ≤ k. This implies that wtc u (a i a k ) = 1 and, therefore,
violating the lexicographic order, a contradiction.
(⇐=) Let u be an oriented word of the form (6). The structure of the word u implies that the only negative contributions to the induced weight τ u are given by subwords of the form A j a i , for 1 ≤ i < j ≤ k. Therefore, for any words g and h over A, and 1 ≤ i < j ≤ k,
which implies that, for any words g and h over A, and 1 ≤ i < j ≤ k, e < u a i g < u a j h, and this shows that ≤ u is compatible with the lexicographic order on the monoid A * based on a 1 < a 2 < · · · < a k .
Remark. It is clear that, more generally, the order induced by an oriented word u of rank k is an extension of the lexicographic order on the monoid A * based on a i1 < a i2 < · · · < a i k , where i 1 , i 2 , . . . , i k is some fixed permutation of 1, 2, . . . , k, if and only if the word u has the form
Note that the words of the form (7) are precisely the words u for which the letter transition weight β u vanishes.
Inverting the defining word and reversible orders
For a group word g, denote by g −1 its inverse, by g R its reversal and by g S its case switch (i.e., the word obtained when the case of each letter in g is switched). Note that these three operations on words are involutions, they commute, and product of any two is the third one.
We provide a precise relation between the positive cones P u and P u −1 associated to a word u and its inverse u −1 . Namely these two cones can be obtained from each other by word reversal (Theorem 3).
A reversible order on the free group F k of rank k is an order on F k for which the positive cone is closed under word reversal (i.e., e ≤ g ⇐⇒ e ≤ g R ). We characterize all oriented words of rank k that induce reversible orders (Proposition 19). There are exactly 2 k · k! such oriented words and they are precisely the words u for which u = u −1 .
Lemma 18. For every oriented word u of rank k, k ≥ 2, and every reduced word g of rank k,
Proof. (a) We have
where the last equality can be obtained by reindexing (exchange the roles of a and b).
Similarly,
Since the last letters in g and g S are a and A, or A and a, respectively, for some
where the first equality comes from part (b) and the second from Lemma 8(c).
Theorem 3. For every oriented word u of rank k, k ≥ 2,
Proof. Directly from the last part of the last lemma. 
which contradicts the assumption that the positive cone is reversible. Therefore,
Since (8) holds for every letter b, with b = a, and (9) holds for every letter b, the set of letters appearing to the right of a is the inverse of the set of letters that appears to the left of A, and since this holds for every letter a, the word u has the property u = u −1 . (⇐=) Let u be an oriented word for which u = u −1 . By Lemma 18, (P u )
The following is direct corollary of Proposition 17 and Proposition 19.
Corollary 20. The only oriented word of rank k that induces an order on F k that is an extension of the lexicographic order on the monoid A * based on a 1 < a 2 < · · · < a k and for which the positive cone is closed under word reversal is the word
Note that, for each k ≥ 2, u = a 1 a 2 . . . a k A k . . . A 2 A 1 is the word that induces the order on F k from [Šun13a] .
8. The orders induced by oriented words are not two-sided Proposition 21. For every oriented word u of rank k, k ≥ 2, the left order ≤ u is not a right order on F k .
Proof. By way of contradiction, assume that ≤ u is a bi-order. Then the positive cone P u is invariant under conjugation in F k .
Let a, b ∈ A, with a..b in u. We have
where we used the invariance under conjugation in the second implication. Since Bab ∈ P u and τ u (Bab) = −1 + wtc u (ab) + 
Differences between the defined orders
We prove that, for every k, the (2k)! orders induced by the oriented words on F k are distinct. The proof is based on finding, for each distinct pair of oriented words u and u ′ of rank k, a group word in P u that is not in P u ′ , or the other way around (words of length at most four suffice).
Theorem 4. For every k, k ≥ 2, and every pair u and u ′ of distinct oriented words of rank k, the orders ≤ u and ≤ u ′ , induced by u and u ′ on F k , are distinct.
Proof. Let u and u ′ be two distinct oriented words of rank k. By Lemma 16, if the relative positions of the lowercase letters or the relative positions of the uppercase letters differ in u and u ′ , the induced orders ≤ u and ≤ u ′ are different (the positive cones P u and P u ′ already differ on words of length two).
Assume that the relative positions of the lowercase letters and the relative positions of the uppercase letters are the same in u and u ′ . Assume further, that there exists a letter a ∈ A such that We provide relations between τ u and τ u R , τ u S and τ u −1 . These relations provide, at least indirectly, relations between the positive cones associated to u, u R , u S , and u −1 . Note that the sum of Brooks quasi-morphisms a∈A φ a is the total exponent homomorphism F k → R calculating the difference between the the number of positive and negative letters in its argument. τ u S (g R ) = −τ (u S ) −1 ((g R ) S ) = −τ u R (g −1 ) = τ u R (g), and the conclusion follows from part (a).
